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Abstract
Energy harvesting system based on triboelectric nanogenerators (TENGs) has aroused wide
interest from many researchers since it integrates multiple disciplines together including
electromagnetics, electric circuit theory, materials science and mechanical engineering.
Accurate modeling of a TENG is an indispensable part for revealing the relationships and
interactions among physical quantities from different areas. Here, a three-dimensional
mathematical model of a contact-mode freestanding TENGs (CF-TENGs) is built with a
combination of physical abstraction and geometry configuration, which makes it possible to
dynamically analyze the variations of the field and circuit quantities. An accurate Norton’s
equivalent circuit model that consists of a current source in parallel with a pure capacitive
reactance is proposed. Based on this model the reason for identifying the displacement current
as the driving force of TENGs is elucidated, and quantitatively determine the current flowing
through the external load resistor and the internal equivalent capacitor. More importantly, a
universal dynamic simulation model consisting of a quasi-electrostatic model and a circuit
model for the TENG-based energy harvesting system is presented. The presented composite
model exhibits an obvious advantage in terms of revealing the dynamic output of TENGs with
arbitrary geometry and charge distribution. Finally, based on the characteristics of linearity and
time-invariance of the CF-TENG, general optimization strategies are pinpointed, which allow us
to accurately predict the maximum output efficiency (close to 82.5%).
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1. Introduction

Themovement and redistribution of charges in a TENG device
result in the time-varying electric field and polarization of the
dielectric material, which are essential factors that affect the
output performance of an energy harvesting system [1–6]. Sys-
tem models, as an extraction and abstraction of reality, are
usually built to reveal and predict the full details of charge
flow. The characteristics of the built model is that some, but
not all, features of the real system are reflected in the model.
Till now, there are two categories for which theoretical mod-
els have been established for a TENG device: equivalent elec-
trical circuit models and physical-based models [7–10]. The
first category includes the capacitive model and Norton’s equi-
valent circuit model according to the first order of lumped
parameter equivalent circuit theory [7, 9–11]; while the second
category model is a quasi-electrostatic model based on Max-
well’s equations [8, 9, 12–14]. It is worth highlighting that
the equivalent circuit model is a new layer of abstraction on
top of Maxwell’s equations which is simple and easy to apply
in engineering [9, 15]. According to the previously published
Norton’s circuit model, the TENG device is represented as
a combination of a time-varying current source and TENG
impedance [9, 15]. Although this model can be utilized to
estimate the impedance behavior of the TENG, it cannot reflect
the phase shifts of the output signals, mainly because a TENG
device exhibits the characteristics of capacitive reactance due
to its capacitor structure. Through the physical model, the
basic physical quantities such as the time-variant electric field,
polarization, electric displacement, electric flux, and displace-
ment current, etc, can be determined which allows us to clarify
the physical mechanism of TENGs.

Another type of model, commonly referred to as a math-
ematical model, which utilizes approaches and knowledge of
mathematics to solve practical problems. Although this model
may seem more abstract than a physical model, there are
strong similarities between physical and mathematical mod-
els [4, 16, 17]. Generally, mathematical models have strong
universal applicability and can be easily realized to quantit-
atively study the interactions among model variables rather
than just the component parts. For instance, many mod-
els have been successfully designed and created for static
or steady-state operation, where variables remain constant
in time [3, 18]. However, dynamic systems, whose beha-
vior as a function of time matches actual circumstances bet-
ter, are important [19, 20]. Although a dynamic analysis
is more complex than that of the static analysis, conclu-
sions and decisions based on dynamic model can help one
avoid making errors without consideration of time-varying

coefficients. The geometry structure of a CF-TENG possesses
excellent symmetry, what makes it different is that this type
of TENG carries some specific features [21–23]. For instance,
the CF-TENG-based energy harvesting system is a linear and
time-invariant system because of the time-invariant inherent
capacitance of the CF-TENG [21, 24]. And this character-
istic makes the CF-TENG is unique when compared to other
basic modes of TENGs [25]. Besides, the optimization of
energy conversion systems is crucial for the wide range of
applications, which can be conducted from the optimal design
of the external electrical circuit, geometrical parameters and
the micro- and nanostructures of materials [3, 26, 27]. How-
ever, understanding thoroughly and quantitatively the energy
conversion process of the CF-TENG-based system depends
on the accuracy and stability of the dynamic model, which,
unfortunately, is beyond the reach of existing models and
methods.

In this work, a time-dependent and three-dimensional
mathematical (3D) model for CF-TENGs based on Maxwell’s
equations is built. Its accuracy and precision are verified by
comparison with the previously published capacitive (CA)
model and finite element method (FEM) model. For the first
time, the relationships between transferred charges, electric
flux and displacement current are elucidated. Then, accord-
ing to lumped parameter circuit theory, a more accurate and
intuitive Norton’s equivalent circuit model is reconstructed. A
general TENG device can be modeled as a current source in
parallel with a pure capacitive reactance by which its capacit-
ive characteristics are discussed in detail using the harmonic
analysis method. In this way, it is possible to identify why
the displacement current is the driving force of TENGs. In
order to predict the dynamic output performances of TENGs
with arbitrary geometric constructions and charge distribu-
tions, a multi-physics dynamic simulationmodel has been pro-
posed. Using the coupled model, not only the linearity and
time-invariance characteristics of the CF-TENG for different
mechanical excitations are demonstrated, but also how the air
gap, load resistance, and the operation frequency affect the
dynamic output are confirmed and the optimization strategy
for TENGs to reach the best possible design for engineering
applications is outlined.

2. General theory

2.1. Mathematical modelling of the contact mode
freestanding triboelectric nanogenerator

According to classical electrodynamics, charges and cur-
rents are sources for the electromagnetic field. The charge
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Figure 1. Theoretical models of CF-TENGs. (a), (b) Three-dimensional mathematical models of a typical dielectric layer CF-TENG
(DCF-TENG) and a typical metal layer CF-TENG (MCF-TENG). (c) Norton’s equivalent circuit model of a TENG device. (d) A universal
dynamic simulation model for the TENG-based energy harvesting system, this multi-physics field model couples the quasi-electrostatic
mode and electrical circuit together.

distribution and movement can directly affect the quasi-
electric field distributions of TENGs. Although magnetic
fields curl around moving charges (currents), it is really quite
negligible because of the low operation frequency of TENGs
triggered by external mechanical excitation. Here, the studies
are based on two assumptions: (a) the charges are distributed
uniformly on the contacting surfaces and electrodes when a
TENG works under a dynamic equilibrium; (b) the magnetic
field of moved charges is extremely small, thus it is negligible
in our work.

There are two typical CF-TENGs depicted in figures 1(a)
and (b), respectively: the dielectric-freestanding-layer
CF-TENG (DCF-TENG) and the metal-freestanding-layer
CF-TENG (MCF-TENG) with detailed configuration para-
meters. They are constructed from freely moving parts.
The movable part of the former is the dielectric mater-
ial, while for the latter it is the metal layer. Consider-
ing figure 1(a) as an example, there are four charged sur-
faces: the two tribo-charged surfaces (±σ) are generated
on the dielectric surfaces and they are constant in time and
the other two charged layers (±QU/S) are distributed on
the electrodes which are time-varying due to the move-
ment of the freestanding dielectric material. For the same
reason, the MCF-TENG can be modeled as six charged
surfaces (figure 1(b)), where two of them are time-varying
while the dielectric surfaces are time-invariant. Free charges
are transferred between the two electrodes, resulting in a

time-varying electric field distribution and material polariz-
ation thereby affecting the output behavior in the external
circuit. Six different geometry configurations of CF-TENGs
are designed (supplementary figure S1 (available online at
stacks.iop.org/JPhysD/55/345501/mmedia)), to help under-
stand the distribution of charges. It can be easily observed that
vertically symmetric structures lead to vertical symmetry of
charge distributions.

On the other hand, electromagnetic theories are generally
universal and have remained unchanged since the beginning
of time when they were found. For instance, the electric filed
is functions of time and space coordinates and its variation
rules do not change even at different coordinate system. And
most of the time the interaction between model variables can
be clarified conveniently and clearly, since one could evalu-
ate influences of input variables on output parameters quant-
itatively. Therefore, a time-dependent and three-dimensional
mathematical model for the CF-TENG can be established,
according to the above assumptions (supplementary note 1).
Solving the Poisson equation, the electric potential and spatial
distribution of the electric field determined by charge distribu-
tions can be derived theoretically (supplementary note 1). Note
that this is a common way that is applicable to other relev-
ant quasi-electrostatics. For the MCF-TENG with special uni-
formly charge distributions, its electric potential ϕ (0, 0, z, t)
having a vertical symmetry axis is given by applying Cou-
lomb’s law (supplementary note 2)
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where σ represents the tribo-charge density and QU the trans-
ferred charges. W and L are the width and length of the elec-
trodes, respectively; and the corresponding area is represented
by S. The dimensions of the freely moving part is of the same
as that of the electrode. The notions z1, z2, z3, and z4 denote
the z-coordinates of the upper surface of the lower electrode
sheet, the lower surface of the dielectric, the upper surface
of the dielectric, and the lower surface of the upper electrode
sheet, respectively, where z2 and z3 are time-dependent vari-
ables (figures 1(a) and (b)).

Subject to open-circuit (OC) boundary condition, no
charges are transferred between the electrodes so that the term
QU is set to zero. The voltage at OC condition is given by
VOC = ϕ1(0,0,z1, t)−ϕ2(0,0,z4, t). Because of the equivalent
electric potential at short-circuit (SC) conditions, we get the
equation ϕ1(0,0,z1, t) = ϕ2(0,0,z4, t), from which the trans-
ferred charge and corresponding conductive current can be
obtained. If an external resistor ZL is connected between the
two electrodes, based on Kirchhoff’s voltage law, a first-order
differential equation with respect to time is obtained

−ZL
dQU

dt
= ϕ1(0,0,z1, t)−ϕ2(0,0,z4, t) (2)

where ϕ1 (0, 0, z1, t), and ϕ2 (0, 0, z4, t) represent the electric
potential of the electrode 1, and electrode 2, respectively; and
their expressions are shown in supplementary note 2. Observe
that equation (2) is the governing equation for the CF-TENG,
and by solving it, the time-varying transferred charges under
various loading conditions can be determined. Furthermore,
the time-varying variables such as the electric field, electric
flux, electric displacement, etc, for the internal circuit, or (the
time-varying current, voltage, power, etc) from the external
circuit can be calculated. In other words, mathematical mod-
eling makes it possible to dynamically analyze the output per-
formance of the CF-TENG energy harvesting system. Through
the same method, the equations for describing the basic

outputs of a typical MCF-TENG (figure 1(b)) are derived,
the details of which are demonstrated in supplementary
note 3.

2.2. Norton’s equivalent circuit model

Norton’s equivalent circuit model of the TENG device has
been proposed based on the lumped parameter circuit theory,
from which a TENG is equivalent to a combination of a time
variant current source and an internal impedance [9, 12]. How-
ever, due to the introduction of an internal impedance, the con-
duction current following through the external load is in phase
with the current source IN, which does not reflect the real out-
put characteristics of TENG devices [9, 12]. What is at the
bottom of cause is the basic structure of capacitive of TENGs,
and therefore Norton’s equivalent circuit model of a TENG
should be consisted of a current source in parallel with a pure
capacitive reactance. For the DCF-TENG, its current source IN
and equivalent capacitance Ceff are given by (supplementary
note 6):

IN(t) = ISC(t) = Sσ
d
dt

(M24 +M34)− (M21 +M31)
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(3)

Ceff =
S
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(4)
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2
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2
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whereMij represents the electric potential at (0, 0, zj) produced
by a charge plane which is parallel with x–y plane and locates
at z = zi with charge density of 1 C m−2, and i and j represent
the positive integers in the set (1, 2, 3, 4), respectively.

When an external resistor RL is connected, the current gen-
erated by the TENGs will be divided into two contributions
(figure 1(c)): the first contribution passes through the internal
equivalent capacitor of the TENG device, while the second
contribution flows into the external circuit or flows into the
external resistance. Based on Kirchhoff’s current law (KCL)
and the voltage-current relationship of circuit elements, the
current source IN is determined by the following differential
equation:

IL +RL
d(ILCeff)

dt
= IN (6)

ID,C = RL
d(ILCeff)

dt
(7)

where IL and ID,C represent the current flowing through the
load resistor and the internal equivalent capacitor, respect-
ively. Since the output signals of the TENG are not sinusoidal,
it is difficult to obtain analytical solutions directly. However,
since the TENG’s equivalent circuit is a linear circuit, it allows
us to exploit the principle of superposition to solve the above
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problem in a simple and clear way [28]. In fact, the current
source IN is a discrete-time periodic signal sequence (writ-
ten as a periodic sequence x[n] with fundamental period N
[24]), whose discrete-time Fourier series coefficients ak are
given by:

ak =
1
N

∑
n=⟨N⟩

x [n]e−jkω0n =
1
N

∑
n=⟨N⟩

x [n]e−jk(2π/N)n (8)

where j is the imaginary unit, k ranges over a set of N suc-
cessive integers, and ω0 = 2π/N is the fundamental frequency.
These coefficients ak specify the decomposition of the given
x[n] into the sum of N harmonically related complex exponen-
tials through the following equation [24]:

x [n] =
∑
k=⟨N⟩

ake
jkω0n =

∑
k=⟨N⟩

ake
jk(2π/N)n. (9)

Solving the KCL equations of a circuit is a useful
approach to get the response for any excitation signal. For the
Norton circuit of CF-TENGs whose equivalent capacitance
is time-invariant with a sinusoidal excitation, equation (6) is
rewritten as:

IL +RLCeff
dIL
dt

= INm cos(ωt+ψN) (10)

where INm, ω and ψN are the amplitude, frequency and phase
angle of the sinusoidal signal, respectively. The corresponding

solution is the sum of the general solution (ILh) expressed as
an exponentially decaying function in addition to the particu-
lar solution (ILp), which behaves as a sinusoidal time function
with the same frequency as the external excitation:

IL (t) = ILh (t)+ ILp (t) = Ke−
t

RLCeff + ILm cos(ωt+ψL) (11)

where ILm and ψL are the amplitude and phase angle of the
current through the load, respectively, and which can be cal-
culated by phasor analyzing directly:

ILm =
INm/RL√

(ωCeff)
2
+
(

1
RL

)2 (12a)

ψL = ψN − arctan(ωRLCeff) . (12b)

In additional, K is an undetermined coefficient related with
initial condition, generally written as:

K= IL (0)− ILm cos(ψL) . (13)

It is also critical to determine the generation and variation of
the current source IN. According to our previously published
works, it is known that the displacement current is regarded as
the driving force of TENGs. For the CF-TENG, the displace-
ment current in the z-direction (ID,z) is given by (supplement-
ary note 2):
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Simplifying equation (14), the relationship between the dis-
placement current and the conduction current (IL) that flows
through the external resistance RL can be obtained, which is
(supplementary note 6):

ID =

ˆ

S

∂D
∂t

·ndS=−dQU

dt
=−IL. (15)

At SC conditions, all the charges will be transferred in the
external circuit; therefore, the following equation in combina-
tion with equation (3) is obtained:

IN(t) = ISC(t) =−ID,SC(t). (16)

This equation implies that ID,SC is equivalent to the current
source IN but of opposite direction, which verifies our previous
conclusion. Evidently, the circuit theory obtained here reflects
Maxwell’s equations for the application of the dynamic elec-
tromagnetic theory to practical engineering [4].

2.3. Dynamic simulation model

Although a dynamic model is more complex than a static
model, the former reflects a practical situation better. For
TENGs, the most common approach has been built through
a static physical model using COMSOL software with the
FEM [29, 30]. There is no denying that using the quasi-static
model the spatial characteristics of the electric potential, elec-
tric field, and charge distribution can be calculated easily, but
it is suitable only for calculating the transferred charges at
SC condition (QSC) and potential difference at OC condition
(VOC), which do not suffice to analyze dynamic situations,
such as observing the time-varying charge transfers between
the two electrodes of TENGs. A dynamic simulation model of
TENGs is built through the COMSOL Multiphysics software,
which is composed of the electrostatic interface, and electrical
circuit interface in the AC/DC module as well as the moving
mesh interface under the mathematics module (figure 1(d)).

Taking the model depicted in figure 1(d) as an example, one
electrode (such as the top electrode) of the TENG device is
set as ‘Ground’, while the other is the ‘Circuit Terminal’, and
both of them are connected by an external I vs. U compon-
ent from electrical circuit interface so as to the output power
to external circuit. On the other hand, the external I vs. U
component works as a power source in circuit and an equi-
valent resistor representing the impedance of an external cir-
cuit is introduced. Both of the external I vs.U component, and
the equivalent resistor are all double-port elements, which are
connected between the Node 0 and Node 1. By the way, the
motion equation must be added in the moving mesh interface
to describe the external mechanical triggering.

3. Results and discussion

The corresponding numerical calculations and comparison of
results from the FEMmethod, and CAmodel are demonstrated
in figure 2. It should be noticed that the moving part is driven
by a sinusoidal wave in all our calculations (equation (S12)

in supplementary note 2), and its initial position is set at the
middle point of the air gap. We find that the VOC and QSC are
proportional to the ratio of∆z/H (figures 2(a) and (b)), where
∆z and H represent the displacement of the freestanding layer
moving in the z-direction and the thickness of air gap, respect-
ively. As a result, the capacitance of either the DCF-TENG or
MCF-TENG do not change with the variation of the moving
distance (figure 2(c)). Based on the equivalent circuit mod-
els of TENGs (such as the CA model), there are three differ-
ent capacitors connected in series in the DCF-TENG device;
one of the capacitors come from the dielectric, while two other
capacitors are formed due to the air gaps (figure 1(a)). Since
the thicknesses of the dielectric layer and maximum air gap
are 100 µm and 10 mm, respectively, the total capacitance of
the DCF-TENG is mainly affected by the air gap. For the same
reason that the maximum thickness of the air gap is extremely
larger than that of the dielectric in the MCF-TENG device
(figure 1(b)), the inherent capacitance of this model is nearly
constant when the moving distance changes. These behaviors
of the CF-TENGs lead to the linear-time-invariant dynamic
characteristics, and the related essential reason will be dis-
cussed in detail in figure 5. Meanwhile, we observe significant
deviations between the FEM model and CA model particu-
larly under a large thickness air gap (the insights in figures 2(a)
and (b)). This phenomenon is mainly attributed to the fact that
there is a uniform electric field in the CAmodel when building
the model.

Moreover, the thickness of the air gap indicates a strong
effect on the basic output of the CF-TENG (figures 2(d)–(f)).
Especially when the H is small and approaches the same
order of magnitude as the thickness of the dielectric mater-
ial, an obvious discrepancy in QSC occurs between the res-
ults of 3D model and FEM simulations. As stated before, the
DCF-TENG is modelled as four charged layers composed of
two tribo-charge surfaces and two freely charge layers distrib-
uted on the surface of electrodes. Taking equation (1) as an
example, the relative dielectric constant does not appear so the
effect of dielectric materials is not considered. The reason for
doing this is because of the symmetric structure of the DCF-
TENG and the invoked mirror imaging symmetry. When H is
smaller, the effects of dielectric polarization (P) on the total
electric field become more and more apparent, which should
not be neglected. When P is considered, the calculations of
QSC and C from 3D model are very similar to those of the
FEM results, as depicted from the insights in figures 2(d) and
(f) (supplementary note 4). The following conclusions can be
drawn: (a) the intensity of dielectric polarization at SC condi-
tions is stronger than that under OC conditions, and it can be
predicted that the connected load in the external circuit reduces
the polarization. (b) The 3Dmathematical model is close to the
CA model if the variables in the external circuits as the H is
small enough.

Knowledge of the physical variables of the TENG device
is a great advantage of the 3D mathematical model. The time-
dependent electric field and electric displacement of the DCF-
TENG are demonstrated in figures 2(g) and (h), and K and
V represent the two points distributed in the dielectric layer
and air gap, respectively. Both of the z-component of electric
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Figure 2. Results comparison of FEM simulation, 3D model and CA model for the DCF-TENG at SC, and OC conditions. (a) Transferred
charges at SC condition (QSC), and (b) potential difference at OC condition (VOC) with a 10 mm-thick air gap (H) with respect to the ratio of
∆z/H. The insets exhibit the QSC and VOC with a 100 mm-thick air gap. (c) Capacitances of the DCF-TENG and MCF-TENG with a
10 mm-thick air gap. (d) QSC, (e) VOC, and (f) capacitance versus different thicknesses of air gap. (g) Variation of Dz at the point K, and Ez

at the point V with respect to the ratio of∆z/H at SC condition. (h) Ez at the point of K and V and (i) quasi-electrostatic energy with time at
OC and SC conditions, respectively.

displacement (Dz) and z-component of (Ez) electric field are
inversely proportional to the ratio of z/H, which means that
the dielectric polarization P should also change with H (sup-
plementary figure S3(b)). In contrast, the values ofDz decrease
to zero and then increase to maximum, indicating that the
direction of the electric displacement changes abrupt when
the moving part moves through the middle position of the
air gap. However, the direction of Ez does not change even
if the intensity of Ez gradually decreases from maximum to
zero. Since the tribo-charge is distributed on the contacting
surfaces of the dielectric, Dz is discontinuous. The values of
Ez either at the point of K or V calculated at SC conditions
are larger than for OC conditions, as shown in figure 2(h).
This is mainly attributed to charges transferred between the
two electrodes that leads to a time-varying total electric field.
It should be noticed that Ez at the K point is almost zero, illus-
trating that there is a negligible electric field in the dielectric
under OC conditions. Furthermore, similar trends of the qusi-
electrostatic energy (Wes) calculated by the 3D model and the
FEM can be found in figure 2(i). The charge redistributions
at the surface of electrode is the working principle behind the
DCF-TENG.

The direction of the displacement current is closely related
to the direction of the electric flux and its rate of change with

time, and the latter is determined by the charges transferred
between the electrodes. At SC conditions, one of the elec-
trodes is enclosed by a ‘special Gaussian surface’ (the surface
S1 shown in figure 3(a)). According to Gauss’s law, the electric
flux (Ψ 1) passing through the surface S1 (the outward direction
is the positive direction) is equal to Q1/ε0, or it is easily to get
the equation: Q1 = ε0Ψ 1 (Q1: the charges distributed inside
the Gaussian surface S1). The corresponding numerical res-
ults are depicted in figure 3(b1). Besides, the change in electric
flux with time (∆Ψ ) is appears due to the change of Q1 that is
the transferred charge between the two electrodes (QU). Since
charge transfer from electrode 1 to electrode 2 is set to be the
positive direction, the phases of∆Ψ and QU change in oppos-
ite directions (figure 3(b2)). Because of Maxwell’s equations,
the product of the permittivity and the change of electric flux
(∆Ψ ) through a surface (S1) is the ‘displacement current’, even
though charges do not flow through the surface. According to
equation (14), the numerical calculations of ID,SC and ISC are
demonstrated in figure 3(c) as expected. A similar analysis can
be found for the Gaussian surface S2 (supplementary figure
S4). As mentioned earlier, a TENG is operated at a low work-
ing frequency, and the magnetic field in the surrounding space
can be neglected, so the radiation of electromagnetic waves
can be discarded.
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Figure 3. The electric flux, displacement current and Norton’s equivalent circuit of a DCF-TENG. (a) Schematic diagram of the typical
Gaussian surfaces for the DCF-TENG at SC conditions. Note that the Gaussian surface (such as S1 and S2) is a closed surface in
three-dimensional space through which the flux of a vector field can be calculated. (b) Variations of Q1, Ψ 1, QU and ∆Ψ due to the
redistribution of transferred charges with respect to time. (c) The displacement current (ID,SC) and conduction current (ISC)-time
relationships at SC conditions.

Figure 4. The basic output performances of the CF-TENG numerically calculated through the Norton’s equivalent circuit model. (a) The
current passing through the TENG device (ID,C) and the external resistor (IL) under three different loading conditions (R1 = 5 × 108 Ω,
R2 = 1.65 × 109 Ω, R3 = 5 × 109 Ω). (b) ISC of the CF-TENG with different air gap thicknesses (H = 10 mm and 100 mm), and the
magnitude and phase of the corresponding Fourier series coefficients. (c) The steady-state, transient-state and complete responses of the
CF-TENG with an air gap thickness of 10 mm under different loading conditions. (d) Responses of the first and third harmonic under
R3 = 5 × 109 Ω.

In section 2.2, it has proved that Norton’s equivalent circuit
model of a TENG device is equivalent to a time-variant current
source connected in parallel with a pure capacitive impedance.
The capacitor current (ID,C) and resistor current (IL) of the
CF-TENG at different loading resistances (R1 = 5 × 108 Ω,
R2 = 1.65 × 109 Ω, R3 = 5 × 109 Ω) are obtained through
solving equation (6), and the numerical results are shown in

figure 4. It is easily observed that ID,C is phase-leading com-
pared with that of the source current (ISC); and its magnitude
increases gradually close to the ISC as the external resistor
increases (figure 4(a1)). Conversely, the conduction current
(IL) becomes phase-lagging, but its magnitude is almost sim-
ilar to the ISC for a small external resistor (R1 = 5 × 108 Ω,
figure 4(a2)), and substantially different compared to ID,C.

8



J. Phys. D: Appl. Phys. 55 (2022) 345501 X Guo et al

This is because the sum of the ID,C and IL is equal to ISC,
while the latter does not change with either the external res-
istor or the capacitive impedance. As a result, if one of the
currents (such as the conduction current passing through the
external resistor) increases, the other one (the capacitor cur-
rent) decreases accordingly; and the opposite is also true. Fur-
thermore, under periodic mechanical external excitations, the
output signals of a TENG device are generally non-sinusoidal
waveforms, which can be calculated and analyzed through har-
monic analysis that we have mentioned earlier.

Take the CF-TENG as an example, the source current ISC
at three different thicknesses of the air gap (H = 10 mm,
H = 50 mm and H = 100 mm) are depicted in figures 4(b)
and S5. Assume there are 49 sampling points uniformly dis-
tributed around the time zero (N = 49). Based on the prop-
erties of discrete-time Fourier coefficients, there are only 49
distinct harmonic signals in the set (equation (8)), and the
relevant coefficients are even and real because of the even
and real sequences (figure 4(b)). The characteristics of the
harmonic components of the ISC are clearly demonstrated in
figures 4(b2), (b3), and S5. It is apparent that all the three ISC
signals are mainly composed of the first and third harmonics;
the magnitude of the third-order harmonic becomes bigger as
theH increases, leading to the difficulty of analysis and control
of the CF-TENG device. While the phase angles of 0 and ±π
in figure 4(b3) indicate that the corresponding Fourier coef-
ficients are real numbers. There are a number of reasons for
this phenomenon, but perhaps the most essential is the com-
posite effects of the transferred charges and the total generated
electric field strength distribution along with theH (figure S5).
When keeping the external excitation frequency invariable,
increasing the H will lead to the deviations of transferred
charges on the electrodes from symmetry to meet the require-
ment of equilibrium states, finally affecting the asymmetrical
distributions of the total electric field (figure S5). On the
other hand, it can be predicted that increasing H will increase
the fundamental frequency, but the magnitude and phase of
the corresponding Fourier series coefficients are similar to
those depicted in figure 5(b), when the moving speed is not
changing.

The relaxation time (τ ) is another key parameter, which
can react and reveal the change of the capacitive impedance
directly. As illustrated in figure 4(c), the relaxation time (τ ) is
defined as the time taken by the transient state value decayed to
1% of its original level, which grows larger as the external res-
istors increase, meaning that more time is needed to reach the
steady-state. This is due primarily to the obstructions caused
by the external resistor, which can impede the charges flowing
from one electrode to the other one at a limited time. As a res-
ult, the potential difference between the electrodes is gradu-
ally enhanced and it becomes close to VOC especially for an
extremely large resistor. At the same time, the change of the
electric flux (∆Ψ ) that passes through the Gaussian surface
(such as S1 depicted in figure 3(a)) does not change obvi-
ously, which means the relevant displacement current inside
CF-TENG can be reached at steady state in a very long tran-
sient time (figure 4(a1)). Thus, connecting a large resistor
will increase the relaxation time to transfer from a transient

Figure 5. Comparisons of the basic outputs of MCF-TENG from
the dynamic simulation model and 3D model. (a) A universal
dynamic simulation model for the MCF-TENG. (b) Time-dependent
potential in the first cycle simulated using COMSOL Multiphysics
software. (c) Variation of Ez in the lower dielectric and (d)
transferred charges under three different loads (R = 10 MΩ,
100 MΩ, 1 GΩ) versus time. (e) The Dz, and (f) the corresponding
displacement current density (JD,z) distributed in the lower
dielectric layer when R = 100 MΩ.

state to steady state not only in the external circuit but also
in the internal circuit of the TENG device (figure 4(a1)).
Figure 4(d) exhibits the transient, and steady-state responses
of the first and third harmonics for a large external resistor
(R3 = 5 × 109 Ω) in more detail revealing the transition
between states.

According to the theoretical analysis in section 2.3, a
dynamic simulation model for the MCF-TENG has been pro-
posed based on the COMSOL Multiphysics software, com-
posed by the electrostatic interface, electrical circuit inter-
face as well as the moving meshinterface (figure 5(a)). This
dynamic model can be utilized not only to simulate the phys-
ical variables within the TENG device such as the time-
varying electric field, electric displacement etc, but also to
explore the basic output behavior of the external circuit simul-
taneously. Most importantly it is a versatile and flexible way of
carrying out a dynamic analysis of TENG devices of arbitrary
geometry structures and charge distributions. Under a mech-
anical stimulation and an external connected resistor (detailed
parameters shown in table S3 within the supplementary mater-
ial), the time-dependent potential distribution in the first cycle
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Figure 6. Characteristics of the linearity and time-invariance of the CF-TENG with respect to time. (a) Five different typical mechanical
inputs where D2(t) = D1(t − τ ), D4(t) = 2D3(t), D5(t) = D1(t) + D3(t); (b) the corresponding transferred charges (Q), and (c) the output
voltages (V) of the CF-TENG.

of the MCF-TENG is presented in figure 5(b), and the corres-
ponding electric field lines as well as the equipotential lines in
six time periods can be observed in the supplementary video.
From these results, we can intuitively understand the change of
the electric potential and electric field for the geometry struc-
ture of the MCF-TENG. The comparisons of electric field,
electric displacement, the density of displacement current, and
transferred charges under the variation of loading conditions
(R = 10 MΩ, 100 MΩ, 1 GΩ) are shown in figures 5(c)–(f).
The excellent agreement verifies the accuracy of the estab-
lished dynamic simulation model. Admittedly, compared with
the 3D mathematical model of TENGs, the dynamic simula-
tion model makes the energy harvesting system-based TENG
device easier to understand and to explain. Furthermore, since
COMSOL software is easily realized and has strong analysis
capability and powerful pre- and post-processing functions,
abundant results can be obtained rapidly and intuitively, which
are useful to the design and operation of the TENG device for
comparison with industrial applications.

The CF-TENG has some special and useful characteristics
that cannot be obtained from other similar models of TENGs.
For instance, theVOC andQSC of the CF-TENG exhibit a linear
relationship with the ratio of ∆z/H with a small thickness of
the air gap (figures 2(a) and (b)). And the CF-TENG’s capacit-
ance remains constant which is independent of the spatial pos-
ition of the freestanding layers (figure 2(c)). As a consequence,
the energy harvesting system based on the CF-TENG can be
modeled as linear time-invariant (LTI) systems. Linearity, that
is, superposition, refers to that for an input signal consisting
of the weighted sum of several signals, and the output of the
system is the weighted sum of the responses of the system cor-
responding to these signals. The linearity has two-tier mean-
ings: one refers to additivity, the other to homogeneity. Time
invariance can be described as a time shift in the input sig-
nal resulting in identical time shifts for the output signal. As

a result, superposition and time invariance, allows to develop
a complete characterization of any LTI system in terms of its
response to a unit impulse [21].

For the CF-TENG, at least two requirements should be
noticed: (a) the thickness of the air gap should not be too large
otherwise the linearity will be destroyed by the non-negligible
boundary effect; (b) the starting position of the freestanding
layer should be located at the middle point of the air gap. Five
different mechanical inputs D1–D5 (the expressions for each
signal shown in supplementary note 7) and their correspond-
ing transferred charges and output voltage of the CF-TENGare
illustrated in figure 6. It is clearly observed that the input sig-
nalsD1,D2 and their corresponding responses directly demon-
strate the time invariance characteristic of the CF-TENG.D2 is
defined asD1 (t− τ ), representing a time-shifted signal, hence
it is obvious that various outputs have shown the same time
shift τ . D4 is a scaled signal ofD3 being equal to 2D3(t). Under
themechanical triggering ofD3 andD4, the transferred charges
and output voltages display homogeneity of the CF-TENG
exactly. Furthermore, the input signal ofD5(t) is the superpos-
ition of D1 and D3, that is D5(t) = D1(t) + D3(t). Evidently,
these responses are also the superposition of the corresponding
responses of D1 and D3. The above analysis suggests a theor-
etical foundation for proposing control strategies and design
of hybrid power system towards the engineering application
based on CF-TENGs.

The average output power Pav and the output efficiency
ηoutput are the important physical quantities to estimate the
basic output performances of TENGs, because the Pav and
ηoutput could be utilized to describe the process of energy con-
version from different perspectives. The ηoutput is defined by
the equation of ηoutput =

Eload
Ees, av+Eload

, where Eload and Ees,av rep-
resent the electric energy delivered to the external load and the
average quasi-electrostatic energy stored in TENG device dur-
ing the steady state, respectively. We notice that the maximum
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Figure 7. The output efficiency (ηoutput) and average power (Pav) of the DCF-TENG under various conditions. (a) The ηoutput and Pav, and
(b) comparisons of ηoutput from the first cycle and steady state with the 10 mm-thick air gap and 10 Hz frequency at different loading
conditions. Variations of (c) the optimum resistance Ropt and (d) the maximum of ηoutput and Pav versus the thickness of the air gap (H) with
a fixed input frequency (10 Hz). The variations of (e) ηoutput and (f) Pav with 10 mm-thick air gap at different load resistances and
frequencies, respectively. Note that the optimum resistance-frequency relationship is represented by the line l.

of Pav and ηoutput correspond to the same external resistor
which is regarded as the optimum resistance (figure 7(a)). That
is because loading a smaller or a larger resistor results in sub-
stantial waste energy during the energy transfer process owing
to impedance mismatch, which again leads to a decrease in the
average power and the output efficiency. The Pav and ηoutput
obtained from the first cycle are lower than those under steady
state, indicating that there is more energy waste at the transient
state (figures 7(b) and S6).

The thickness of air gap (H), as an important parameter for
the structure, plays a significant role in the energy conversion
process, and its influence on the outputs of the DCF-TENG
has been studied and shown in figures 7(c) and (d). It is seen
that as H increases, the optimum resistance gradually become
larger (figure 7(c)), but the corresponding maximum values of
Pav and ηoutput increase at first but then decrease (figure 7(d)).
When the thickness of the air gap is small, lower input mech-
anical energy is needed, which generates a small amount of
transferred charges and electric potential difference between
the two electrodes, thus making a small Pav. Meanwhile, a
large amount of energy is stored in the CF-TENG in the form
of quasi-electrostatic energy, and very little electrical energy
is outputted, which produces lower ηoutput. However, if the H
is too large, the introduced edge effect cannot be ignored [21],
which makes Pav and ηoutput become smaller again. In order
to study the combined effects of the external load resistance
and the mechanical frequency, the Pav and ηoutput obtained
at different loading resistances and frequencies are shown in
figures 7(e) and (f). These results confirm our previous dis-
cussions and conclusions. Once the structural parameters of
the CF-TENG are determined, the corresponding maximum
of ηoutput can be determined. For the basic geometry struc-
ture of the CF-TENG, the largest ηoutput is obtained and closed
to 82.5%.

4. Conclusions

A time-dependent and three-dimensional mathematical model
(3D) for the CF-TENGs has been studied starting from
a general geometry configuration and charge distributions
whereby a solid connection between a physics-based model
and dynamic output characteristics is determined. The built
mathematical model has a significant advantage in predict-
ing the time-varying output characteristics of TENGs. For the
first time, it is confirmed that the signals of transferred charges
and electric flux have the same phase as verified from Gauss’s
theorem. Furthermore, a highly accurate Norton’s equivalent
circuit model of TENGs is presented based on the capacit-
ive geometry structure of the TENG device, i.e. a combina-
tion of a current source and a pure capacitive reactance. Then,
not only why the displacement current is the driving force of
the TENGs is elucidated, but also the variations of the capa-
citor current (ID,C) and resistor current (IL) in the internal and
external circuit of the CF-TENGs are quantitatively described.
It is found that the sum of the ID,C and IL is equivalent to the
source current (ISC), and they are changed in the opposite dir-
ections as the increase of the external load resistor, indicat-
ing the capacitance characteristics of the TENG device more
intuitively.

A universal dynamic simulation model of a TENG device
is constructed based on COMSOL Multiphysics software.
Using this multiphysics model, one can easily reveal the time-
varying physical quantities within the TENGs and the equi-
valent circuit variables in the external circuit simultaneously.
It is worth highlighting that the present model can be expan-
ded to investigate a TENG-based energy harvesting system
with arbitrary geometry configurations and charge distribu-
tions subject to any external circuit and different conditions.
Through the built model, characteristics of the linearity and
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time-invariance of the CF-TENG have been validated for five
typical mechanical inputs. Finally, we have systematically dis-
cussed how the air gap, frequency, and load resistor affect the
maximum output average power and output efficiency.We find
that the largest output efficiency is close to 82.5%. Univer-
sal optimization strategies are suggested to further understand
the relationship between physics-based models and practical
applications.

5. Methods

The FEM simulations at OC, SC and loading conditions of the
CF-TENGs were carried out utilizing COMSOL Multiphys-
ics software. The dynamic simulations couple the electrostatic
interface, electrical circuit interface and moving mesh inter-
face together. The distribution of electric potential, electric
charge, electric field, electric displacement, displacement cur-
rent, current and voltage across the external resistors and other
physical quantities can be directly obtained from COMSOL
software through postprocessing. In addition to FEM simula-
tions, the dynamic results from the 3D model as well as the
Norton’s equivalent circuit were numerically evaluated using
MATLAB (Mathworks Inc.). Details and the parameters util-
ized in computations and simulations can be found in the sup-
plementary material.
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